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ABSTRACT
Context. Several models have been proposed to explain the twin kilohertz quasi-periodic oscillations (kHz QPOs) detected in neutron-
star low-mass X-ray binaries; but when confronting theory with observations, not much attention has been paid so far to the relation
between their amplitudes.
Aims. For six neutron-star atoll sources (namely 4U 1608-52, 4U 1636-53, 4U 0614+09, 4U 1728-34, 4U 1820-30, and 4U 1735-
44,) we investigate the relationship between the observed fractional rms amplitudes of the twin kHz QPOs. We discuss whether this
relationship displays features that could have a physical meaning in terms of the proposed QPO models.
Methods. We consider the difference in rms amplitude between the upper and lower kHz QPOs as a function of the frequency ratio
R = νU/νL. We compared two data sets. Set I is a collection taken from published data. Set II has values for the rms amplitudes
obtained by automatic fitting of all RXTE-PCA observations available up to the end of 2004, corresponding to continuous segments
of observation.
Results. For each of the six sources, we find that there is a point in the R domain around which the amplitudes of the two twin kilohertz
QPOs are the same. We find such a point located inside a narrow interval R = 1.5± 3%. Further investigation is needed in the case of
4U 1820-30 and 4U 1735-44 to explore this finding, since we have not determined this point in Set II. There is evidence of a similar
point close to R = 1.33 or R = 1.25 in the four sources 4U 1820-30, 4U 1735-44, 4U 1608-52, and 4U 1636-53. We suggest that some
of these special points may correspond to the documented clustering of the twin kHz QPO frequency ratios.
Conclusions. For the sources studied, the rms amplitudes of the two twin peaks become equal when the frequencies of the oscillations
pass through a certain ratio R, which is roughly the same for each of the sources. In terms of the orbital QPO models (of both the
hot-spot and disc-oscillation types), with some assumptions concerning the QPO modulation mechanism, this finding implies the
existence of a specific orbit at a particular common value of the dimensionless radius, at which the oscillations corresponding to
the two twin peaks come into balance. In a more general context, the amplitude difference behaviour suggests a possible energy
interchange between the upper and lower QPO modes.
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1. Introduction
A number of black-hole and neutron-star sources in low-mass X-
ray binaries (LMXBs) show quasi-periodic oscillations (QPOs)
in their observed X-ray fluxes, i.e., narrow features (peaks) in
their power density spectra (hereafter PDS). The frequencies of
these QPOs range from ∼10−2 Hz to ∼103 Hz. Here we restrict
our attention to the so-called kHz (or high-frequency; HF) QPOs,
which have frequencies in the range 200 — 1300 Hz, i.e., of the
same order as the frequencies of orbital motion close to the com-
pact object (see van der Klis 2006, for a review).
In black-hole systems HF QPO peaks are typically de-
tected at constant frequencies characteristic of a given source.
When two or more HF QPO frequencies are detected, they
usually come in small-number ratios, typically in a 3 :2 ra-
tio (Abramowicz & Kluz´niak 2001; McClintock & Remillard
2003). For neutron-star sources, on the other hand, kHz QPOs
often arise as two simultaneously observed1 peaks with frequen-
Send offprint requests to: G. To¨ro¨k, terek@volny.cz
1 The term “simultaneously observed” is here applied to continuous
observations (or their subsegments) displaying both modes. The inte-
gration time needed for these detections ranges from a few seconds to a
few dozen minutes.
cies that change over time. This paper focuses on these kHz PDS
features, referred to as twin kHz QPOs.
From here on, we adopt the convention of calling the two
peaks forming twin kHz QPOs the lower and upper QPO and
denote their frequencies as νL < νU . The twin kHz QPOs span a
wide frequency range and follow a nearly linear νU–νL relation
for each source (Belloni et al. 2005; Abramowicz et al. 2005b;
Bursa 2006).
In this paper we use the twin kHz QPO data obtained with the
Proportional Counting Array (PCA; Jahoda et al. 1986) on board
the Rossi X-ray Timing Explorer (RXTE; Bradt et al. 1993).
1.1. Orbital models of kHz QPOs and frequency ratio
Several models have been proposed to explain kHz QPOs, and
most of them involve orbital motion in the inner regions of the
accretion disc (see van der Klis 2006; Lamb & Boutloukos 2007,
for a recent review).
Among others, two frequently discussed models are based
on strong-gravity properties. Stella & Vietri (1999) introduced
the “relativistic precession model” (which we will refer to as
the RP model) in which the QPOs are associated with the mo-
tion of blobs of matter in the inner parts of the accretion disc.
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The upper and lower QPO frequencies νU , νL are identified
with the Keplerian frequency and the relativistic periastron pre-
cession frequency, respectively. Slightly after this, Kluz´niak &
Abramowicz (2001) suggested a model in which the twin kHz
QPOs arise from non-linear resonance between two modes of
accretion disc oscillation. We will refer to this as the resonance
model. In the basic version of the resonance model, the upper
and lower QPO frequencies, when in a resonant ratio, coincide
with the resonant frequencies given by specific combinations
of epicyclic frequencies of geodesic test particle orbital motion
(see Abramowicz & Kluz´niak 2001; Abramowicz et al. 2003;
Rebusco 2004; Hora´k & Karas 2006; Abramowicz et al. 2006;
Fogelstro¨m et al. 2008).
Frequencies of geodesic motion at a given orbit, scale in-
versely with the mass M of the central compact object when
the dimensionless forms of the neutron star angular momen-
tum j and quadrupole moment q are held fixed. Therefore, within
the framework of the above models, if the absolute differences
between the squares of angular momenta are small among the
sources being considered, the ratio R = νU/νL between the twin
kHz QPO frequencies represents a rough measure of the radial
position of the QPO excitation, which is independent of the mass
of the neutron star (To¨ro¨k et al. 2008). The frequency ratio R also
has genuine importance for the resonance model.
1.2. Strength of the signal
Because of the expected links to the orbital motion, most dis-
cussions of neutron star twin kHz QPOs have for a long time
been concentrated mainly on the frequencies νL, νU , and on their
relations and evolution.
The other QPO properties, namely the quality factor Q and
fractional root-mean-squared (rms) amplitude r have also been
studied, but have not attracted such wide attention. We recall that
the quality factor Q characterises the coherence time of a QPO,
being defined as the QPO centroid frequency over the full-width
of the peak at its half-maximum, while the fractional root-mean-
squared amplitude r represents a measure of the signal strength,
which is proportional to the square root of the peak power con-
tribution to the PDS. In the past few years, both the quality factor
and the rms amplitude have been studied systematically for sev-
eral sources, and possible consequences for various QPO models
have been outlined (see, e.g., Me´ndez 2006; Barret et al. 2006,
for further information and references).
However, most attention has been focussed on the quality
factor and the rms amplitude as separate functions of frequency.
Little attention has been paid to the mutual relations between the
(correlated) QPO amplitudes.
In the present work we study the difference in strength be-
tween the twin kHz QPOs, ∆r = rL − rU , defined as the difference
between the fractional rms amplitudes of the lower and upper
kHz QPOs (rL, rU).
2. Data analysis
Here we focus on six well-studied atoll sources (namely
4U 1608−52, 4U 1636−53, 4U 0614+09, 4U 1728−34,
4U 1820−30, and 4U 1735−44) spanning a wide range of
frequencies.
2.1. Published data (Set I)
We benefit from existing studies and use published results
on rms amplitude correlations from the large collection made
by Me´ndez (2006). We refer to this data as Set I. The main
references to the original papers are as follows: 4U 1608-
52 (Me´ndez et al. 2001), 4U 1636-53 (Barret et al. 2005a),
4U 0614+09 (van Straaten et al. 2002), 4U 1728-34 (Me´ndez
et al. 2001), 4U 1820-30 (Barret et al. 2006), 4U 1735-44 (Barret
et al. 2006). Although obtained in different studies (using differ-
ent approaches), the data are comparable since they are mea-
sured over the whole RXTE-PCA energy band (2 — 60 keV).
The data of Set I do not always correspond directly to si-
multaneous twin kHz QPO measurements. Moreover, the range
where the properties of either one of the QPO frequencies is
well-investigated often extends far from the region of joint cov-
erage, and then the identification of a particular significantly-
detected peak as belonging to the upper or lower group comes
from an extensive investigation of its properties (especially its
quality factor) and also its correlations with the low-frequency
QPOs (see Me´ndez et al. 2001; Olive et al. 2003; Barret et al.
2005a,b, 2006; Belloni et al. 2007; van der Klis 2006). It is rele-
vant in this context that both QPOs become weak broad features
when their frequencies are lower than ∼ 500 Hz (see Olive et al.
2003).
For the purposes of this paper, we interpolate the amplitude
data of Set I for each source using the best fits for both ampli-
tudes made in terms of a sum of three exponentials
ri =
3∑
j=1
[
exp
(
P(1)i, j + νiP
(2)
i, j
)
+ P(3)i, j
]
, i ∈ {U, L} , (1)
with the P(k)i, j being free parameters.
As noticed in several studies, the frequency correlations in
the six sources considered in this paper are well-fitted by lin-
ear relations (Abramowicz et al. 2005a; Belloni et al. 2005;
Bursa 2006; Zhang et al. 2006). We use this property to con-
nect both amplitude-frequency relations (1), with the assumption
that the frequency correlations are linear in the range above
νL = 500 Hz, and follow the relations found in Abramowicz
et al. (2005a,b). These relations were determined from the well-
investigated twin QPO data above νL = 500 Hz , i.e., below
R ≃ 1.7. The highest frequency ratio detections in the atoll
sources being considered are around R ∼ 2.5 — 3.2 However,
the detections above R ∼ 2 are rare and an extension to the re-
lated range νL∼200 — 400 Hz is subject to errors in determining
the above relations.
2.2. Data processed in a uniform way (Set II)
Following Barret et al. (2005a, 2006), we use all public archival
RXTE-PCA data available up to the end of 2004 (for the full
energy band from 2 — 60 keV) for the six atoll sources that we
are considering. Segments of the temporally continuous collec-
tion of data from a single pointing are processed using a shift-
add procedure. For each segment, a set of 8-second leahy nor-
malized PDS is produced, and an averaged PDS is then calcu-
2 See Zhang et al. (2006) who study frequency correlations in a large
group of sources using for the atoll sources the data from works of
Belloni et al. (2002, 2005), Psaltis et al. (1999a,b), van der Klis (2000,
2006), Me´ndez et al. (1998a,b,c), Me´ndez and van der Klis (1999), van
Straaten et al. (2000, 2002, 2003), Di Salvo et al. (2003), Jonker et al.
(2002), Markwardt et al. (1999), Migliari et al. (2003).
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Fig. 1. Amplitudes of the lower and upper oscillations plotted against the two QPO frequencies (published data). Above νL ∼ 500 Hz (i.e.,
below R & 1.7), the frequency correlations are approximated well by the linear relations that we use. The shadow indicates the frequency range
corresponding to R = 1.5 ± 3%. For the lower QPO in 4U 0614+09 the high-frequency part contains two datapoints that do not indicate a clear
trend.
lated for each set. The averaged PDS is searched for QPOs us-
ing a scanning technique that looks for peak excess (assumed
to have a Lorentzian profile) above the Poisson counting noise
level (see Boirin et al. 2000). To minimize the effects of long-
term frequency drift, the QPO frequencies are estimated on the
shortest statistically permitted timescales, applying a recursive
search algorithm seeking over the set of 8-second PDS. If there
are two QPO peaks present in the segment-averaged PDS, the
peak with the highest significance S (defined as the integral of
the Lorentzian fitting of the peak divided by its error) is consid-
ered for further tracking. The tracked QPO is searched for within
a window with a width not greater than 20% of the QPO fre-
quency. The present frequency-ratio detections in the sources be-
ing considered are above R=1.2. Because the relative frequency
change within a single observation is small, the algorithm can-
not switch between the two peaks within the tracking. After the
tracking, the segment splits into several averaged subsegments
(each of them corresponding to about 50 — 500 sec) to which
the shift-add is applied. The PDS obtained is then searched for
the final QPOs. For later analysis, we retain the resulting peaks
detected above the threshold S ≥ 2.5σ. We refer to these data,
representing a coherent set processed in a uniform way, as Set II.
3. Results
It can be seen from Fig. 1 that the rms amplitudes of the two
peaks are comparable over a frequency range that is rather nar-
row with respect to the total frequency range spanned by the six
sources. Moreover, for all of the six sources, the rms amplitudes
are comparable in a range around the frequency where the 3 : 2
ratio occurs. We mark this frequency and those for other relevant
ratios in Fig. 1.
Consideration of individual frequency correlations implies
that lower and upper QPO datapoints overlaps in Fig. 1 do fall
mostly within the range R∼1.2 — 1.7. In Fig. 2 we show the be-
haviour of the amplitude difference ∆r in this range, as inferred
from the interpolated curves in Fig. 1. In the same figure we also
plot values of ∆r from Set II. We detected only three signifi-
cant datapoints outside this range in Set II. Each of these three
datapoints falls into the range R ∈ [2.2, 2.7] and corresponds to
negative values of ∆r.
3.1. Roots of ∆r
The values of ∆r at the intersection with the R axis are shown
in Table 1. We refer to the intersections as “roots R1, R2”, corre-
sponding to the higher and lower frequency ratios.
In the four sources (4U 1608-52, 4U 1636-53, 4U 0614+09,
4U 1728-34) where we detected enough datapoints in Set II be-
tween R = 1.4 — 1.6, the values of ∆r are well-approximated
by linear functions of R in that range. We then fit these data-
points by straight lines (see Table 1 for the corresponding χ2).
For 4U 1636-53 and 4U 1608-52, which display in the Set II
data a clear increase in amplitude difference between R = 1.2 —
1.4, we join the straight-line fit to an increasing exponential fit.
All of the resulting curves for Set II are included in Figure 2.
For the four sources 4U 1608-52, 4U 1636-53, 4U 0614+09,
and 4U 1728-34, the roots R1 for the Set II data given in Table 1
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Fig. 2. The dependence of the amplitude difference on the frequency ratio, with detailed view shown of the range R=1.2 — 1.7. The dashed black
curves correspond to Set I (with exponential interpolation), while the individual points correspond to Set II. When there are asymmetric errors, we
always use the larger one. The open points are above the 2.5σ threshold; the filled points have significance greater than 3σ. The solid blue curves
use linear interpolation in the decreasing part of curve joined to an exponential in the increasing part (see text). The vertical lines labelled with
Qmax denote the frequency ratio corresponding to the maximum of the lower QPO quality factor (see Section 4 for a comment on this).
are determined from the fits described above. In principle, the fits
can enable us also to determine the roots R2 from the Set II data
for 4U 1636-53 and 4U 1608-52. These are close to R ∼ 1.25 but
are difficult to quantify precisely. Clearly, as can be seen from
Fig. 2, more investigation is needed in order to make more pre-
cise statements about these two roots. In 4U 1608-52 there are
only three relevant datapoints, while in 4U 1636-53 the data-
points give a rather high χ2 for the increasing part of ∆r curve.
For 4U 1820-30 and 4U 1735-44, there is a lack of twin kHz
QPO detections around R ∼ 1.5 from Set II, and we were not
able to determine their roots R1, although the Set I data indicate
that they should exist. For the increasing part of the ∆r curve, we
use the same fitting procedure as for 4U 1608-52 and 4U 1636-
53, but we only expect the existence of the linear decaying part
between R=1.4 — 1.6, which we determined from the Set I data.
In this way, we find the two roots R2 close to 1.33. For 4U 1820-
30, the datapoints close to R2 are scattered around the R-axis,
giving a rather poor χ2 for all of the fits, and the value of R2
varies with small changes of χ2. For 4U 1735-44, the location of
R2 seems to be well-determined.
We note that for 4U 1820-30 and 4U 1735-44 (R2 ∼ 1.33),
as well as for 4U 1608-52 and 4U 1636-53 (R2 ∼ 1.25), the
termination of the available data nearly seems to coincide with
the position of R2, which makes the exact determination of R2
difficult.
4. Discussion and conclusions
In five of the six atoll sources that we have considered
(4U 1728−34, 4U 1608−52, 4U 1636−53, 4U 0614+09, and
4U 1820−30), the upper kHz QPO dominates the lower one for
high values of the twin kHz QPO ratio (R>1.5) corresponding to
low QPO frequencies. The issue of the upper QPO dominance at
low QPO frequencies in 4U 1735−44 remains an open question
due to the lack of the relevant datapoints in both Sets I and II.
The four sources 4U 1728−34, 4U 1608−52, 4U 1636−53, and
4U 0614+09 clearly exhibit the R1 root close to R=1.5. Because
of the lack of datapoints in Set II, however, more investigation
is needed to fully confirm a similar statement about R1 for the
sources 4U 1820-30 and 4U 1735-44. For ratios decreasing from
the value R ≃ 1.5, the difference between the QPO amplitudes
reaches its maximum within a narrow interval of R∈ [1.3, 1.45].3
After this, as the ratio decreases further (but not for 4U 0614+09
where the available data terminates), the lower QPO starts to lose
its dominance again. Notably, all of the determined values of the
root R1 lie inside the ∼3% interval around R=1.5, which corre-
sponds to less than 10% of the range R ∈ (1.2, 2.5). For the four
sources (4U 1608-52, 4U 1636-53, 4U 1820-30, 4U 1735-44),
and marginally also for 4U 1728-34, there is evidence for of an-
other root (close to R = 1.33 or 1.25) where the available data
terminate. Most of datapoints in Fig. 2 appear close to the roots
R1 or / and R2. We therefore suggest that there could be a link be-
tween the previously reported ratio clustering and the existence
of R1,2, which requires further investigation.
Within the framework of the QPO resonance models, the be-
haviour of the amplitude difference may indicate an energy in-
terchange between the lower and upper QPO modes, typical of
non-linear resonances (e.g., Hora´k & Karas 2006). In this con-
text, it is also rather noticeable that the roots R1, 2 are close to the
values 3/2 and 4/3 or 5/4 (which we denoted by dashed verti-
cal lines in the above figures). Nevertheless, in order to take this
indication seriously, it is necessary to have a model that gives a
detailed explanation of the effect.
3 Barret et al. (2005a,b, 2006) determined the frequencies corre-
sponding to maxima of the lower QPO quality factor in the discussed
sources. Interestingly, the relevant ratios are close or coincide with those
related to the maxima of ∆r (see Fig. 2).
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Table 1. The roots R1, R2 of the function ∆r(R).
Source Set I Set II
χ2L /d.o. f χ2U/d.o. f R1(∆r = 0)† R2(∆r = 0) χ2/d.o. f R1(∆r = 0) R2(∆r = 0)
4U 1608-52 17/38 15/9 1.48 ± 0.01 – 13/8 ∗ 1.51 ± 0.01 1.25 ± 0.01
4U 1636-53 1.7/11 40/23 1.49 ± 0.01 – 18/15 ∗ 1.49 ± 0.01 1.25 ± 0.01
4U 0614+09 59/15 16/4 1.45 ± 0.01 – 3.8/10 ∗ 1.48 ± 0.01 –
4U 1728-34 40/36 6.3/7 1.48 ± 0.01 – 21/23 ∗ 1.50 ± 0.01 –
4U 1820-30 23/35 15/7 1.46 ± 0.01 1.31 ± 0.02 32/15 – 1.34 ± 0.02
4U 1735-44 2.6/4 2.5/2 1.53 ± 0.02 1.34 ± 0.01 4.1/8 – 1.33 ± 0.01
†the errors shown correspond to a unit variation of χ2; for asymmetric errors, we use the larger one.
∗ corresponds to the linear part of curve between R= 1.4 — 1.6.
Within the scope of the other orbital QPO models, there
should also be an explanation for why the roots R1, 2 appear. For
instance, in the case of the relativistic precession model, one can
solve equations relating the upper and lower QPO with respect
to the radial coordinate ρ, for the particular form of the expres-
sions for the orbital frequencies in Schwarzschild geometry, ob-
taining the relation ρ= 6MR2/(2R − 1), see To¨ro¨k et al. (2008).
According to this formula, the R=1.5 frequency ratio would cor-
respond to an orbital radius ρ= 6.75 M, which is about 14 kilo-
metres for a neutron star with the “canonical” mass M = 1.4 M⊙.
The 3 % scatter around R=1.5 would be projected onto an inter-
val of only about ±1.5 % in ρ, i.e., onto ∼ ±0.1 M  ±200 m. It
is then a question not only of why the observed amplitudes cor-
responding to oscillations at this radius should be equal, but also
why they are equal for several sources at the same radius with a
scatter of less than 250 m.
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